The steady-state three-dimensional flow and heat transfer of a viscous, compressible fluid in the vicinity of stagnation point region on a flat plate with constant wall temperature is investigated by similarity solution approach, taking into account the variation of density of the fluid with respect to temperature. The free stream, along z-direction, impinges on the flat plate to produce a flow with different velocity components. An exact solution of the problem is obtained for the three dimensional case by the reduction of the NavierStokes and energy equations using appropriate similarity transformations introduced for the first time. The nonlinear ordinary differential equations are solved numerically using a finite difference scheme. Computations have been conducted for different values of the parameters characterizing the problem. The obtained results show that increasing the value of compressibility factor and wall temperature both cause the value of the velocity components and temperature gradients and pressure gradients in the vicinity of the plate to increase.
Introduction
The study of impinging jet problems is of considerable interest during last decades because of great technical importance in many industrial applications such as drying of papers and films, tempering of glass and metal during processing, cooling of gas turbine surfaces and cooling of electronic components. Modeling of many problems mentioned above, yields nonlinear partial differential equations most of which are difficult to solve. Using analytical transformations and reducing the governing equations to ordinary differential equations is one of the most efficient methods used in the literature in order to solve such problems. Howarth [1] was the first who considered a three dimensional stagnation flow on a plate. Axisymmetric stagnation flow toward a moving plate written by Wang [2] is one of the basic papers in this field. In his study, the flow impingement is on the plate along z-direction which is perpendicular to the plate. Kumari and Nath [3] studied the theory of the response of the compressible laminar boundary layer flow to the variation of the external stream velocity with time at a three-dimensional stagnation point, numerically. Subsequently, Vasantha and Nath [4] obtained solutions of the unsteady compressible second-order boundary layer flow at the stagnation point when the free stream velocity varies arbitrarily with time. They presented their results for two particular unsteady free stream velocity distributions including an accelerating stream and a fluctuating stream. Chiriac and Ortega [5] have proposed a numerical approach to compute the flow and heat transfer due to a confined two-dimensional slot jet impinging on an isothermal plate. Axisymmetric and nonaxisymmetric stagnation-point flow and heat transfer of a viscous, incompressible fluid on a moving cylinder in different physical phenomena is the main subject of papers conducted by Saleh and Rahimi [6] and Rahimi and Saleh [7, 8] . They investigated the effects of different forms of axial and angular cylinder movement on velocity and temperature profiles. The steady three-dimensional stagnation-point flow of a second grade fluid against an infinite flat plate is another research written by Baris [9] . In this study the plate moves parallel to itself with constant velocity. The objective of the paper presented by Zuccher et al. [10] was to analyze the compressible, nonparallel boundary layer of the flow past a flat plate and sphere. In the other one, exact solutions of the Navier-Stokes equations of a viscous obliquely impinging flow on a moving cylinder were studied by Rahimi and Esmaeilpour [11] . They found out that the shear stress increases with increase of Reynolds number and suction rate. An exact solution of the Navier-Stokes and energy equations were derived to solve the problem of stagnation-point flow and heat transfer of an incompressible fluid on a flat plate with and without transpiration [12, 13] . The authors reported velocity, temperature and pressure profiles along with surface-stress tensors for different cases. Also, Abbasi et al. [14] investigated the unsteady case of this problem. In one of the most recent paper, a reduction of Navier-Stokes and energy equations was obtained by use of similarity transformations for a flat plate moving with time dependent velocity and acceleration [15] . The steady state viscous, compressible fluid of a low Mach number impinging flow on an infinite stationary cylinder is the subject of the paper recently written by Mohammadiun and Rahimi [16] . The authors derived an exact solution of the Navier-Stokes and energy equations when the wall temperature of the cylinder is constant. None of the above mentioned studies deal with steady threedimensional stagnation-point flow and heat transfer for the case of viscous fluid with variable density with respect to temperature on a stationary flat plate. As we know, compressible fluids are used in many impinging jet applications mentioned above. In reality, the density of these fluids is affected by the temperature difference which in such processes exists between the hot surface and the fluid source. In order to model these problems more accurately, it is necessary to take into account the variability of density with respect to temperature which proves less efficient over incompressible fluid as far as heat transfer is concerned. Here, this problem is solved by introducing new transformations to reduce nonlinear Navier-Stokes and energy equations to nonlinear ordinary differential equations. Investigations are undertaken over a wide range of parameters characterizing this problem including compressibility factor, wall temperature, Prandtl number and k coefficient for the fixed free stream temperature defined at 25 C.
Problem Formulation
In this paper, the steady-state three-dimensional laminar stagnation-point flow and heat transfer of a viscous compressible fluid on a flat plate in Cartesian coordinates (x,y,z) with corresponding velocity components (u,v,w) is studied. The schematic geometry of the problem is presented in Figs. 1 and 2 . As it can be seen in Fig. 1 , an external low Mach number flow of the fluid along z-direction impinges on the flat plate, centered at z ¼ 0, with strain rate of a. The surface is maintained at a constant temperature which is different from that of the impinging fluid. After impingement of the compressible fluid on x-y plane, two separated regions are produced which are the potential region and the region of rapid changes of velocity components in x and y directions. Figure 2 represents the three-dimensional surface which is the boundary of these two separated regions. An important note revealed in this figure is the difference existing between the values of x and y velocity components in the region of rapid changes. This phenomenon may happen if the flow pattern on the plate is bounded from both sides in one of the directions, for example, x-axis, because of some physical limitations. A parameter characterizing this situation is k, the coefficient indicating the ratio of x to y velocity components in potential region and is defined between 0 and 1, 0 < k 1, Ref. [1] . The flow will be axisymmetric if k ¼ 1 and will be considered two-dimensional if k ¼ 0. In such a situation, there is no velocity component in x-direction. With the increase of k from 0 to 1, the problem crosses the line from two-dimensionality to axisymmetric three-dimensionality. The governing equations including steady Navier-Stokes and energy equations are as follows: 
where p, q, l, k, and T are pressure, density, coefficient of viscosity, thermal conductivity, and temperature, respectively. It is worth noting that viscosity and thermal conductivity of the fluid are assumed to be constant. Furthermore, the dissipation terms of the energy equation are negligible in the stagnation region.
Self Similar Solutions
The velocity components gained by solving the momentum equations in the potential region are given by
In which 0 k 1 is a coefficient being the aspect ratio of velocity components in x to y directions, as it was noted. New similarity transformations used to reduce the NavierStokes and energy equations governing this problem to nonlinear ordinary differential equations are defined as follows:
where g is the similarity variable and the terms involving f(g) and g(g) comprise the Cartesian similarity form for steady-state stagnation-point flow in which prime denotes differentiation with respect to g. The subscript w and 1 refer to the conditions at the wall and in the free stream, respectively, and h is the dimensionless temperature. In order to capture the effects of variations of temperature on the density of the fluid, we introduce a parameter c(g) named density ratio as
It is assumed that the density of the fluid is not affected by the velocity of impinging flow. Hence, from Boussinesq approximation for such a low Mach number flow 
In which, b is the volumetric expansion coefficient, (compressibility factor). It is clear that for the case of incompressible fluid, b ¼ 0. Hence, q ¼ q 1 and c g ð Þ ¼ 1. On applying the transformations above to the set of Eqs.
(1)-(5), the continuity is automatically satisfied and a coupled system of nonlinear ordinary differential equations derived from momentum equations, an expression for the pressure and a dimensionless form for the energy equation are obtained as follows: 
where prime denotes differentiation with respect to g. Also, Pr ¼ lc p =k is the Prandtl number.
A finite difference procedure consisting of tridiagonal matrix algorithm is used to numerically solve the governing Eqs. (16)- (18) describing the sets of laws using the boundary conditions defined as below:
The numerical procedure is repeated until the difference between the results of two repeated sequences of each of Eqs. (16)-(18) becomes less than 0.00001. The local heat transfer coefficient on the flat plate is calculated from
Using dimensionless parameters, the dimensionless form of heat transfer coefficient for this study can be gained as
In which 
Presentation of Results
In this section, the solution of the self-similar Eqs. (16)- (19) for prescribed values of surface temperature and Prandtl numbers are presented. In order to validate the results presented in this paper, different quantities are selected to be compared with those of Ref.
[21] for the cases of k ¼ 0.1 in Fig. 3 and k ¼ 0.5 in Fig. 4 . As it can be seen, an excellent agreement is reported. As we know, the compressibility factor (b) represents the variations in density due to temperature gradients. The fluid will be considered as an incompressible one for the case of b ¼ 0. Here, the effects of b parameter on dimensionless velocity profiles in x, y and z directions are presented for three dimensional, defined with k ¼ 0. numbers for both axisymmetric and three-dimensional cases. As it is captured, the increase in the value of b parameter from 0 to 0.004 causes the temperature gradients and the pressure gradients to increase in the region close to the plate. This phenomenon brings about the decrease in temperature and, however, the increase in the absolute value of pressure at any specified values of g. Moreover, the enhancement of compressibility factor results in the reduction in the thickness of thermal boundary layer for both three-dimensional and axisymmetric cases. Also, comparing the results in parts (a) and (b) of these figures reveals the important note that the temperature gradients and the pressure gradients in the vicinity of the plate are more considerable for the axisymmetric case, k ¼ 1.
Sample profiles of velocity components in x, y and z directions against g are plotted in Figs. 10-12 in terms of wall temperature for axisymmetric and three-dimensional cases with k ¼ 0.2, Pr ¼ 0.7, and b ¼ 0.003. As it can be seen from these figures, the more the wall temperature is the more the value of velocity components in all directions will be within the boundary layer region.
Furthermore, increasing the temperature of the wall causes the increase in the gradient of dimensionless temperature and pressure of the fluid at any specific value of g in the vicinity of the plate. This behavior leads to this result that the higher the amount of surface temperature is the lower the value of dimensionless temperature and the larger the absolute value of dimensionless pressure will be, as it can be seen in Figs. 13 and 14. Figure 15 shows distributions of velocity components in x and z directions versus g for different values of velocity ratio, k, at wall temperature ¼ 200 C, Pr ¼ 0.7, and b ¼ 0.003. As k tends to 1, the axisymmetric case, the penetration of momentum into the boundary layer is increased in both x and z directions which results in increase of the value of velocity, specifically for w-component. Besides, effects of velocity ratio, k, on dimensionless profiles of pressure and temperature are studied in Fig. 16 . The bigger the k, the larger the velocity, and then, the lower the value of pressure will be, as expected. Also, with tending toward the symmetric situation, the temperature is reduced.
Dimensionless temperature distributions versus g in terms of various Pr numbers for both axisymmetric and threedimensional, with k ¼ 0.5, cases are presented in Fig. 17 . With increasing the Pr number, the depth of diffusion of the thermal boundary layer decreases and, according to Eq. (24), the heat transfer coefficient increases. Moreover, it can be found out from this figure that the coefficient of heat transfer for the same Pr number is larger in axisymmetric case than that of threedimensional.
The variations of heat transfer coefficient versus b for different values of velocity ratio, k, are depicted in Fig. 18 . With enhancement of b parameter up to 0.003 the H coefficient is reduced in an approximately linear way, however, if the increase of H coefficient is continued a suddenly decrease in the value of H is captured. This behavior can be similarly seen for all k numbers.
Conclusions
An exact solution of the steady-state three-dimensional Navier-Stokes and energy equations has been obtained for the problem of stagnation-point flow of a viscous, compressible fluid impinging on a flat plate using appropriate similarity transformations introduced for the first time. The results are presented for a wide range of parameters characterizing the problem such as compressibility factor, wall temperature and Prandtl number. The solutions show that increasing both compressibility factor and surface temperature causes the value of all velocity components as well as dimensionless temperature gradients and dimensionless pressure gradients to increase. Moreover, it is shown that the increase of the Prandtl number results in increase of dimensionless temperature gradient of the fluid in the vicinity of the plate. Furthermore, it was revealed that the amount of heat transferred between the hot plate and viscous fluid is more dominant for the case of incompressible fluid. In other words, the more the compressibility factor, the less the heat transfer coefficient will be. 
By omitting the term a aq 1 l ð Þ 1 2 from both sides and dividing both sides to Àc g ð Þ, we have 
